This paper shows many relationships for a triangle by using its altitudes to form inner triangles that have a three 4-fold similarity. The altitudes partition the sides of the triangle . We also note that h 1 h 2 = h 3 h 4 = h 5 h 6 , where h 1 + h 2 , h 3 + h 4 , h 5 + h 6 are the altitudes of the triangle. These concise relationships for a triangle are based on its inherent similarity, and provide for simple equations, similar to the Pythagorean Theorem for right triangles.
Introduction
Frequently in mathematics as in life, many relationships are established from a simple observation. In this section, we use a simple geometrical observation to show a three 4-fold similarity of triangles. These triangles are formed using the altitudes of a triangle. In the next section, we use this similarity to establish a list of many relationships for a triangle. In the subsequent section, some of these relationships are used to show concise relationships for the sides of a triangle. (1)
The altitudes are drawn such that:
Using Fig.2 we will show that there is a three 4-fold symmetry of triangles.
We will let the orthocenter be O (not labeled).
From alternate interior angles, ∠BOD = ∠AOE, so 90 − µ 1 = 90 − µ 2 and:
Then from the fact that corresponding angles of similar triangles are similar:
and △CFA ∼ △CEO shows that
These angles are shown in 
Further Relationships
Here we use the similar triangles to develop many relationships. In order to list the relationships for easy viewing and reference, the equations are shown without much text.
Using Eq. (11), we have:
Leg From ∠µ 1 to 90
• Leg From ∠ (ϕ 1 + ϕ 2 ) to 90
Leg From ∠µ 1 to ∠ (ϕ 1 + ϕ 2 ) Leg From ∠ (ϕ 1 + ϕ 2 ) to 90
Leg From ∠µ 1 to ∠ (ϕ 1 + ϕ 2 ) Leg From ∠µ 1 to 90
Likewise using Eq. (12), we have:
Leg From ∠ (µ 1 + ϕ 2 ) to 90
• Leg From ∠ϕ 1 to 90
Leg From ∠ (µ 1 + ϕ 2 ) to ∠ϕ 1 Leg From ∠ϕ 1 to 90
Leg From ∠ (µ 1 + ϕ 2 ) to ∠ϕ 1 Leg From ∠ (µ 1 + ϕ 2 ) to 90
Also, using Eq. (13), we have:
Leg From ∠ (µ 1 + ϕ 1 ) to 90
• Leg From ∠ϕ 2 to 90
Leg From ∠ (µ 1 + ϕ 1 ) to ∠ϕ 2 Leg From ∠ϕ 2 to 90
From Eq. (14),
, we have:
From Eq. (15),
From Eq. (17),
From Eq. (18),
From Eq. (20),
, we have: 
Now we combine equations which are equal:
From Eq. (29), Eq. (53), Eq. (67):
From Eq. (30), Eq. (47), Eq. (63):
From Eq. (33), Eq. (57), Eq. (73):
Here we note that Eq. (76) has previously been shown using three separate equations and different notation (Bogomolny, see Plane Geometry).
From Eq. (34), Eq. (51), Eq. (69):
From Eq. (35), Eq. (52), Eq. (66):
From Eq. (36), Eq. (46), Eq. (62):
From Eq. (39), Eq. (56), Eq. (72):
From Eq. (40). Eq. (50), Eq. (68):
Subtracting Eq. (47) from Eq. (35):
Subtracting Eq. (63) from Eq. (40):
Subtracting Eq. (66) from Eq. (50): 
Subtracting Eq. (88) from Eq. (89):
Subtracting Eq. (90) 
We will see some of the results of this section in the theorems of the next section.
Final Relationships
Using Eq. (68) 
This can also be written as c . This establishes the following theorem:
Theorem 3. For any triangle as depicted in Fig.1:   a 1 b 2 c 1 = a 2 b 1 c 2 .
(109) 
